Abstract. The aim of the present paper is to give evidence, largely numerical, in support of the non-commutative main conjecture of Iwasawa theory for the motive of a primitive modular form of weight k > 2 over the Galois extension of Q obtained by adjoining to Q all p-power roots of unity, and all p-power roots of a fixed integer m > 1. The predictions of the main conjecture are rather intricate in this case because there is more than one critical point, and also there is no canonical choice of periods. Nevertheless, our numerical data agrees perfectly with all aspects of the main conjecture, including Kato's mysterious congruence between the cyclotomic Manin p-adic L-function, and the cyclotomic p-adic L-function of a twist of the motive by a certain non-abelian Artin character of the Galois group of this extension.
Introduction
Let z be a variable in the upper half complex plane, and put q = e 2πiz . Let
(1) f (z) = ∞ n=1 a n q n , be a primitive cusp form of conductor N (in the sense of [18] ), with trivial character, and weight k > 2. For simplicity, we shall always assume that the Fourier coefficients a n (n ≥ 1) of f are in Q. Let p be an odd prime number. The aim of the present paper is to provide some evidence, largely numerical, for the validity of the non-commutative main conjecture of Iwasawa theory for the motive M(f ) attached to f over the p-adic Lie extension F ∞ = Q(µ p ∞ , m 1/p n , n = 1, 2, . . . ), which is obtained by adjoining to Q the group µ p ∞ of all p-power roots of unity, and all p-power roots of some fixed integer m > 1. In this case, the analytic continuation and functional equation for the complex L-function L(f, φ, s) of f twisted by any Artin character φ of the Galois group of F ∞ over Q are well-known consequences of the theory of automorphic base change. The points s = 1, . . . , k − 1 are critical for all of the complex L-functions L(f, φ, s), and we show that essentially the same arguments as in [1] enable one to prove the expected algebraicity statement at these points. Moreover, these values are all non-zero, except perhaps for the central value s = k/2; in particular, there is always at least one non-zero critical value since k > 2.
In [2] , a precise main conjecture was formulated for an elliptic curve over any p-adic Lie extension of a number field F containing the cyclotomic Z p -extension of F , and under the assumption that the elliptic curve is ordinary at the prime p. This was generalized to arbitrary ordinary motives in [8] , and it is a special case of the main conjecture of [8] which we consider here. Thus we assume that p is an odd prime number such that (p, a p ) = (p, N) = 1. One of the underlying ideas of the non-commutative main conjecture is to prove the existence of a p-adic L-function, which interpolates a canonical normalization of the critical values L(f, φ, n), where n = 1, . . . , k − 1, and φ runs over all Artin representations of the Galois group
We denote these normalized L-values by L can p (f, φ, n) (for the precise definition, see formulae (68), (69) and (71) in §5). The definition of these normalized L-values requires making a choice of canonical periods for the form f , and, until such a time as the main conjectures of non-commutative Iwasawa theory are fully proven, we are only able to make an educated guess at present as to what these canonical periods should be. However, as we explain in §5, Manin's work on the construction of the p-adic L-function for our modular form f over the field Q(µ p ∞ ) gives some information about these canonical periods, which is relevant for our numerical examples.
As we explain in more detail in §5, the existence of a p-adic L-function attached to f over the non-abelian extension F ∞ of Q, when combined with the work of Kato [14] , implies the existence of the following mysterious congruence between two p-adic L-functions attached to f over certain abelian sub-extensions of F ∞ /Q. We are very grateful to M. Kakde for explaining to us how this congruence follows from Kato's work. Let σ denote the (p − 1)-dimensional representation of G given by the direct sum of the irreducible representations of Gal(Q(µ p )/Q). Let ρ be the unique irreducible representation of dimension p − 1 of the Galois group of the field F = Q(µ p , m 1/p ) over Q, where we now assume that m > 1 is p-power free. Write Q cyc for the cyclotomic Z p -extension of Q, and Ξ for the group of irreducible characters of finite order of Γ = Gal(Q cyc /Q). Further, let χ p denote the character giving the action of Gal(Q/Q) on µ p ∞ . We fix a topological generator γ of Γ, and put u = χ p (γ). The work of Manin [16] proves that there exists a unique power series H(σ, T ) in the ring R = Z p [[T ] ] such that (2) H(σ, ψ(γ)u r − 1) = L can p (f, σψ, k/2 + r), for all ψ in Ξ, and all integers r with −k/2 + 1 ≤ r ≤ k/2 − 1. On the other hand, the conjectural existence of a good p-adic L-function for f over the field F ∞ would imply, in particular, the existence of a power series H(ρ, T ) in the ring R such that (3) H(ρ, ψ(γ)u r − 1) = L can p (f, ρψ, k/2 + r), for all ψ in Ξ, and all integers r with −k/2 + 1 ≤ r ≤ k/2 − 1. Then Kato's work [14] implies the following conjectural congruence between formal power series (4) H(ρ, T ) ≡ H(σ, T ) mod pR.
This conjectural congruence in R has the following consequences for our critical L-values. Firstly, on evaluation of our power series at the relevant point in pZ p , we deduce from (2) and (3) that the congruence
can p (f, σ, n) mod pZ p should hold for n = 1, . . . , k − 1. Secondly, if we assume the additional property that (6) L(f, σ, k/2) = L(f, ρ, k/2) = 0, then we would have that H(ρ, T ) and H(σ, T ) both belong to the ideal T R. It is then clear from (2) , (3) and (4) that the stronger congruence
should hold for n = 1, . . . , k − 1.
Our numerical computations (see §6) verify the first congruence (5) for the prime p = 3 and a substantial range of cube free integers m > 1, for three forms f of weight 4 and conductors 5, 7, 121, and one form f of weight 6 and conductor 5, all of which are ordinary at 3. These computations require us to determine numerically the Fourier coefficients a n of these forms f for n in the range 1 ≤ n ≤ 10 8 . In addition, for the two forms of weight 4 and conductors 7 and 121, we prove that (6) holds for all integers m > 1, and happily, our numerical results show that the sharper congruence (7) holds for these two forms and the prime p = 3 for a good range of cube free integers m > 1. When f is a complex mutliplication form, some cases of the congruence (4) have already been established theoretically by Delbourgo and Ward [3] and Kim [15] . However, when f is not a complex multiplication form, our numerical data seems to provide the first hard evidence in support of the mysterious non-abelian congruence (4) between abelian p-adic L-functions.
We warmly thank T. Bouganis, M. Kakde, and D. Kim for very helpful advice on the writing of this paper.
Algebraicity of L-values
As in the Introduction, let f given by (1) be a primitive cusp form of conductor N ≥ 1 with trivial character and weight k > 2 (thus k is necessarily even). For simplicity, we always assume that the Fourier coefficients a n (n ≥ 1) of f belong to Q. The complex
This L-function has the following Euler product. For any prime p, let
be the p-adic Galois representation attached to f ; here V p is a two dimensional vector space over the field Q p of p-adic numbers. If q is any prime distinct from p, define the polynomial
, where I q is the inertial subgroup of the decomposition group of any fixed prime ofQ above q, and Frob q denote the Frobenius automorphism of q. Moreover, if (q, N) = 1, we have
we know, since Hecke, that Λ(f, s) is entire and satisfies the functional equation
where w(f ) = ±1 is the sign in the functional equation. The critical values of L(f, s) are at the points s = 1, . . . , k − 1. Following Shimura [23] , [24] , we introduce the following naive periods for f , which we have normalized in view of our later numerical calculations. Define
Since the Euler product for L(f, s) converges to a positive real number when s is real and s > 1 + (k − 1)/2, it is clear from the functional equation (14) , that Ω − (f ) is purely imaginary in the upper half plane. Motivated again by numerical calculations, we assume throughout the following simplifying hypothesis (see [7] for examples in which this hypothesis fails).
Hypothesis H1: L(f, 2) = 0 when k = 4.
We then define
Again, Ω + (f ) is always a positive real number when k > 4, and presumably (it would, of course, be implied by the generalized Riemann Hypothesis) this remains true even when k = 4, although this value is outside the region of convergence of the Euler product. 
(ii) If n is an even integer such that
In what follows, we shall mainly be interested in the L-functions of f twisted by Artin characters. We rapidly recall the definitions of these L-functions. By an Artin representation, we mean a homomorphism (17) φ : Gal(Q/Q) → AutQ(W ) which factors through the Galois group of a finite extension of Q; here W is a vector space of finite dimension overQ. Put
For each prime p, let
is the Euler product attached to the tensor product Galois representation
The Euler product (18) converges in the region Re(s) > 1 + (k − 1)/2. It is one of the fundamental problems of number theory to prove the analytic continuation and the following conjectural functional equation for L(f, φ, s). Let N(f, φ) be the conductor of the family of p-adic representations
, and define
Then conjecturally
where w(f, φ) is an algebraic number of complex absolute value 1, andφ is the contragredient representation of φ. There is one important case in which this result is known.
Theorem 2.2. Let K be any finite Galois extension of Q with Galois group Gal(K/Q) abelian. Let ψ be an abelian character of K and define φ to be the induced character of Gal(Q/Q). Then Λ(f, φ, s) is entire and satisfies the functional equation (21) .
Proof. Since K is an abelian extension of Q, the base change of f to K, which we denote by π K (f ), exists as a cuspidal automorphic representation of GL 2 /K. The results of Jacquet-Langlands then establish the analytic continuation and functional equation for the automorphic L-function of π K (f ), twisted by the abelian character ψ of K, which we view as a Hecke character of GL 1 /K. We denote this automorphic L-function by L(π K (f ), ψ, s). On the other hand, by the theory of base change, and the local Langlands correspondence for GL 2 , L(π K (f ), ψ, s) coincides with L(f, φ, s) defined by the Euler product (18) . This completes the proof on noting that the functional equation (21) coincides with the automorphic functional equation.
The following conjectural generalisation of Theorem 2.1 is folklore. Given an Artin representation φ as in (17) , define d + (φ) (resp. d − (φ)) to be the dimension of the subspaces of W on which complex conjugation acts like +1, (resp. as −1). If n is any integer, we write
Conjecture 2.3. For every Artin representation φ of Gal(Q/Q), and all integers
n = 1, . . . , k − 1, we have (23) L(f, φ, n) (2πi) nd(φ) × Ω + (f ) d + n (φ) × Ω − (f ) d − n (φ)
∈Q.
Of course, when φ has dimension 1, this conjecture is a well known consequence of the theory of higher weight modular symbols. However, as in [1] , we shall study special cases of this conjecture by using the work of Shimura [23] on the special values of Rankin products of Hilbert modular forms for totally real number fields. Let K be an arbitrary totally real field, which is Galois over Q, with Gal(K/Q) abelian. Take g to be any Hilbert modular form relative to K, which corresponds to an Artin representation θ of dimension 2 of Gal(Q/K). The form g has parallel weight 1 and level equal to the conductor of θ. We denote the Artin L-series of θ by
where a runs over all integral ideals of K. Further, let L(f /K, s) be the complex Lfunction attached to the restriction of the Galois representation (13) to Gal(Q/K), and write
for its corresponding Dirichlet series. Since we have assumed K to be an abelian extension of Q, the base change to K of our modular form f also exists as a primitive cusp form for the Hilbert modular group of K. We denote this base change by f K . It has parallel weight k, trivial character, and level dividing NO K , where O K is the ring of integers of K. In what follows, we will be primarily interested in the complex L-series defined by the tensor product of the Artin representation θ and the Galois representation (13) of f restricted to Gal(Q/K). We denote this L-series by L(f K , θ, s), and recall that it is defined by the Euler product
where v runs over all finite places of K, and
here W θ is a two dimensionalQ p -vector space realizing θ, and I v is the inertial subgroup of a place ofQ above v. Of course, by the inductive property of L-functions, we also have
where φ θ is the Artin representation of Gal(Q/Q) induced from the representation θ of Gal(Q/K).
On the other hand, the classical theory of Rankin products (see [25, §4] 
with a running over all integral ideals of K; here n is the least common multiple of the levels of f K and g, ψ is the character of g, and L n (ψ, s) is the imprimitive L-series of ψ where the Euler factors at the primes dividing n have been omitted. A well-known classical argument shows that D(f K , g, s) has the Euler product expansion
Thus the complex L-functions L(f K , θ, s) and D(f K , g, s) coincide, except for the possible finite set of Euler factors at places v for which
To avoid this technical difficulty, we impose an additional simplifying hypothesis. 
where
Proof. Suppose that v lies above a prime q, where q = p. Assume first that (q, N) = 1. Then I q , and hence also I v , acts trivially on M p (f ), and so (30) Our next result relates the automorphic period of f K to the periods Ω + (f ) and Ω − (f ). We normalize the Petersson inner product on the space of cusp forms of level dividing NO K for the Hilbert modular group of K as in [25] (see formula (2.7) on p. 651).
Proposition 2.5. Let K be a real abelian field, and write f K for the base change of f to K. Then
We shall use the following notation in the proof of this proposition. If ψ is any abelian character of K, write L(f /K, ψ, s) for the primitive L-function attached to the tensor product of ψ with the restriction of (13) to Gal(Q/K). Also, for any abelian character χ of Q, we write χ K for the restriction of χ to Gal(Q/K). 
Proof. Let Σ be any finite set of primes of Q containing the primes dividing N, the primes dividing the conductor of η, and the primes which ramify in K. By an important theorem of Rohrlich [22] , there exists a finite abelian extension M of Q, unramified outside Σ, such that L(f, λ, k/2) = 0 for every abelian character λ of Q that is unramified outside Σ, and which does not factor through Gal(M/Q). By enlarging M if necessary, we can assume that M ⊃ K. Let N K be the conductor of f /K, and ∆ M/K the relative discriminant of M over K. Also, if ξ is an abelian character of K, write N (ξ) for its conductor. Let χ be any abelian character of Q such that, for every prime v of K above Σ, we have
Such a character can always be found by taking a character of Gal(Q(µ m )/Q) for sufficiently large m. Let v be any place of K above Σ, and put
Thanks to (32), it is clear, that for each σ in Gal(Q/Q), we have
In particular, none of these characters can factor through Gal(M/K). Moreover, it is also easily seen from (33) that
whence the final assertion of the lemma is clear.
We now prove that the left hand side of (31) is an algebraic number. Take J = K(i), and let η be any abelian character of Q such that J is the fixed field of the kernel of η K . Now let χ be an abelian character of Q having the properties specified in Lemma 2.6, and write χ J for the restriction of χ to Gal(Q/J). Note that the representation of Gal(Q/K) induced by χ J is θ = χ K ⊕ χ K η K . Write g for the Hilbert modular form relative to K which corresponds to θ. Thus g has parallel weight one, and character η K χ 2 K . Moreover, by the second assertion of Lemma 2.5, we have the exact equality of L-functions
On the other hand, since K is abelian over Q, we also have the identity
where ζ 1 , . . . , ζ d denote the characters of Gal(K/Q).
The desired algebraicity assertion follows by evaluating both sides of (35) at s = k/2, noting that this common value is non-zero by Lemma 2.6, and then applying Shimura's algebraicity results to each L-function. Indeed, Theorem 4.2 of [25] shows that [25] for the definition of this Gauss sum). On the other hand, recalling that
here τ Q (κ) denotes the usual Gauss sum of an abelian character κ of Q. Combining (36)and (37), it follows immediately that the left hand side of (31) is an algebraic number. Moreover, a more detailed analysis, exactly as in the proof of [1, Theorem 3.4] shows that this algebraic number is invariant under the action of Gal(Q/Q), completing the proof of Proposition 2.5.
As a first application of Proposition 2.5, we establish the following case of Conjecture 2.3.
Theorem 2.7. Assume F is an imaginary number field with Gal(F/Q) abelian. Let ψ be any abelian character of Gal(Q/F ), and let φ be the induced character of Gal(Q/Q). Assume that, for every prime q such that q 2 divides N, q does not divide the conductor of φ. Then Conjecture 2.3 is valid for f and φ.
Proof. Let K be the maximal real subfield of F , and let θ be the representation of Gal(Q/K) induced from ψ. Thus θ is a two dimensional Artin representation of Gal(Q/K), and we let g be the associated Hilbert modular form as above. Then, by Lemma 30,
But, assuming n is an integer with 1
Now making use of Lemma 2.6, and noting that Again following the ideas of [1] , we now prove a refined version of Conjecture 2.3 for Artin representations φ which factor through the Galois group over Q of the field
here p is an odd prime number, r ≥ 1 is an integer, µ p r is the group of p r -th roots of unity, and m is an integer > 1. For simplicity, we shall always assume that m is not divisible by the p-th power of an integer > 1. In order to state the refinement of (23), we first recall the epsilon-factors of the Artin representation φ (for a fuller discussion, see [5, §6.2] ). Fix the Haar measure µ on Q p determined by µ(Z p ) = 1, and the additive character α of Q p given by
Write ǫ p (φ) for the local epsilon-factor of φ at the prime p, which is uniquely determined by this choice of µ and α. For each integer n = 1, . .
Hypothesis H2: For all primes q such that q 2 divides N, we have (q, mp) = 1. 
for all σ in Gal(Q/Q).
Proof. As remarked above, the proof we now give follows closely that given in [1] , where f was assumed to have weight k = 2, and therefore corresponded to an isogeny class of elliptic curves defined over Q. For each integer r ≥ 1, define K r = Q(µ p r ) and write K r for its maximal real subfield. Note that Gal(F r /K r ) is cyclic of order p r , since m is assumed to be p-power free. Put
For this proof, define ρ to be the representation of Gal(F r /Q) induced by any character of exact order p r of Gal(F r /K r ). It is then easy to see that ρ is irreducible, and that every irreducible Artin representation φ of G is of the form λ or ρλ for some integer r ≥ 1,where λ is a one dimensional character of Gal(K ∞ /Q). For the proof of Theorem 2.8, we may assume that φ is irreducible. Now it is clear from these remarks that every irreducible Artin representation φ of G is induced from an abelian character of K r for some integer r ≥ 1. Thus Theorem 2.2 implies that Λ(f, φ, s) is entire and satisfies the functional equation (21) . Also, noting that F ∞ /Q is unramified outside of the primes dividing mp, we conclude from Theorem 2.7 that L * p (f, φ, n) is an algebraic number for all Artin characters φ of G and all integers n = 1, . . . , k − 1. Thus it remains to establish (42) for irreducible φ.
If d(φ) = 1, one can easily deduce (42) from [23, Theorem 1] . Assuming d(φ) > 1, it follows that for some integer r ≥ 1, φ is induced by an abelian character of K r of the form ψλ Kr , where ψ is a character of Gal(F r /K r ) of exact order p r , and λ Kr is the restriction to Gal(Q/K r ) of a one dimensional character λ of Gal(K ∞ /Q). We define θ to be the two dimensional Artin representation of Gal(Q/K r ) induced by ψλ Kr , and take g to be the corresponding Hilbert modular form relative to K r of parallel weight one. Let ν be the abelian character of K r defining the quadratic extension K r /K r , and let λ Kr be the restriction of λ to Gal(Q/K r ). Since the determinant of θ is equal to νλ 2 Kr , g will have character νλ 2 Kr . Moreover, noting that Hypothesis H2 is valid for f and φ because the conductor of φ can only be divisible by primes dividing mp, we conclude from Lemma 2.4 that
Taking s = n with 1 ≤ n ≤ k − 1, it then follows from [25, Theorem 4.2] that
Kr ) is the Gauss sum of the abelian character νλ 2 Kr of K r , as defined by [25, (3.9) ]. Noting that
we conclude easily from (31) and [1, Proposition 4.5] that the last assertion of Theorem 2.8 will hold if and only if
for all σ in Gal(Q/Q). But (46) is an immediate consequence of the fact that ρ can be realized over Q, and the equation
which holds for all q = p, since λ is unramified at q; here e q (ρ) = ord q (N (ρ)), with N (ρ) denoting the conductor of ρ. This completes the proof.
Interlude on root numbers
Recall that F = Q(µ p , m 1/p ). From now on, write ρ for the unique irreducible representation of Gal(F/Q) of dimension p − 1; it is induced from any non-trivial character of Gal(F/K). We now describe the local root numbers
and the corresponding global root number w(f, ρ) under the hypothesis H2 above. This global root number is the sign in the functional equation of the twisted L-function L(f, ρ, s). A similar computation in weight 2, i.e., for elliptic curves, was carried out by V. Dokchitser [6] .
Theorem 3.1. Let f = n a n e 2πinz be a primitive cusp form of conductor N with trivial character, and weight k ≥ 2. Assume that for all primes q such that q 2 |N, we have (q, mp) = 1. Then, for every finite prime q, the local root number w q (f, ρ) is given by
Further, the global root number is given by
, where δ = −sgn a p when both ord p (N) = 1 and m p−1 ≡ 1 mod p 2 , and 1 otherwise.
Proof. Let l be any prime distinct from q, and as before, let V l be the l-adic Galois representation attached to f . Put n(V ) = ord q (N), and let n(ρ) be such that q n(ρ) is the q-part of the conductor of ρ. We note that the determinant det ρ of ρ equals ( · p ), the non-trivial quadratic character of Gal(Q(µ p )/Q). Recall that the inverse local Euler factors of L(f, s) are
The local root numbers w q (f, ρ) can be computed as follows:-Case 1 ((q, N) = 1): In this case V l is unramified, and we can use the unramified twist formula [26, 3.4.6] ,
Here sgn z = z |z| for z ∈ C, and we evaluate the one-dimensional character detV on a number q n(ρ) ∈ Q × q via the local reciprocity map. The second term is trivial since detV l is a power of a cyclotomic character which takes positive values on Q × q . Thus
2 , as asserted. , and the action of Frobenius is
, where k is the weight of f ; the top left corner can be seen e.g. from the local factor. Write (V l ⊗ ρ)
ss for the semi-simplification of V l ⊗ ρ. Writing τ = Frob q , the semi-simplification formula for ǫ-factors [26, 4.2.4] gives
here d q denotes the dimension of ρ Iq . It remains to determine ρ Iq and the action of Frobenius on it. Let J = Q(m 1/p ). There is an equality of L-functions
By considering the ramification of q in J/Q and comparing the local factors at q, we find that
if p = q and m is not a pth power in Z × p . In particular, d q is even (and so sgn(−a q ) dq = 1) in all but the third case, and det(τ |ρ Iq ) = 1 in all but the first case; in the first case,
, as asserted by the formula. Finally, if p ∤ m, then it is easy to see by Hensel's lemma that m is a pth power in Z × p if and only if it is a pth power in (Z/p 2 Z) × , which is in turn equivalent to the condition m p−1 ≡ 1 mod p 2 .
Case 3 (ord q (N) ≥ 2): By assumption, q ∤ mp, so ρ is unramified. Then w q (ρ) = 1, and by the unramified twist formula
as claimed.
Turning to the global root number, we have
the product being taken over all places v of Q. As ρ is self-dual,
and the remaining contribution from the real place is (−1)
(see e.g. [6] ). This completes the proof. Example 3.2. We compute the global root numbers w(f, ρ) when p = 3 and f is one of the primitive cusp forms with (N, k) = (5, 4), (5, 6), (7, 4) or (121, 4) that we will use in §6 to illustrate the congruences. In these cases, the answer does not actually depend on the weight.
• If f has level 5, then δ = 1 as (3, N) = 1, whence w(f, ρ) = (−1)
• Similarly, if f has level 7, then ( ) is replaced by ( 
)
ord 11 (121) = +1, and we again get w(f, ρ) = −1 for every m.
The congruence that we verify involves the twists of f by ρ and by the regular representation σ of Gal(K/Q) ∼ = (Z/pZ) × . It easy to check that the root numbers w q (f, σ) and w(f, σ) are given by the formula in Theorem 3.1 with m = 1. When p ∤ N the formula becomes
In particular, for p = 3 the global root number w(f, σ) is +1 for the form of level 5, and −1 for the forms of level 7 and 121.
An analogue of a result of Hachimori-Matsuno
The aim of this section is to establish an analogue for our primitive cusp form f of results of Hachimori-Matsuno [10] for elliptic curves, over the fields
where again m is an integer > 1 which is p-power free. Such a result has already been established in [20] , but we wish to give a slightly more explicit result in order to explain its connexion with the congruence (5). Write χ p for the character giving the action of Gal(Q/Q) on µ p ∞ . As usual, for each n ∈ Z, write Z p (n) for the free Z p -module of rank one on which Gal(Q/Q) acts via χ n p . If W is any Gal(Q/Q)-module, which is also a Z p -module, define W (n) = W ⊗ Zp Z p (n), endowed with the natural diagonal action of Gal(Q/Q).
Let V p be the underlying Q p -vector space of the Galois representation τ p attached to f . Fix once and for all a Z p -lattice T p in V p , which is stable under the action of Gal(Q/Q). We stress that we always view V p as the cohomology group, not the homology group of the motive M(f ). We assume from now on that p and f satisfy:-Hypothesis H3: The odd prime p is good ordinary for f , i.e., p is an odd prime such that (p, N) = (p, a p ) = 1.
As p is a good ordinary prime, it is shown in [17] that there exists a one dimensional subspace
cyc to be the cyclotomic Z p -extension of F , i.e., the compositum of F with the cyclotomic Z p -extension of Q. We follow Greenberg and define the Selmer group of A p ∞ over F cyc by (49)
where w runs over all finite places of F cyc , and F cyc w denotes the union of the completions at w of the finite extensions of Q contained in F cyc . Write
for the compact Pontryagin dual of Sel(A p ∞ /F cyc ). Assuming F is Galois over Q, both Sel(A p ∞ /F cyc ) and X(A p ∞ /F cyc ) are endowed with canonical left actions of Gal(F cyc /Q), and these extend by continuity to left module structures over the Iwasawa algebra
where M runs over the finite Galois extensions of Q contained in F cyc .
We shall need the following fundamental result of Kato (see [13] ). Note that for K = Q(µ p ), we have
Theorem 4.1 implies that the quotient
is a finitely generated Z p -module, where X(A p ∞ /K cyc )(p) denotes the p-primary submodule. Define λ(f /F cyc ) to be the Z p -rank of (51)
where Frob v = Frob rv qv , and b v ∈ Z. Since q rv v ≡ 1 mod p, it is clear that for all integers n, we have
when both sides are viewed as elements of Z p . In particular the question whether or not the left hand side lies in pZ p is independent of n. Define P 2 to be the set of all places w of K cyc such that, writing v = w | K, we have
Similarly, suppose v is a place of K, with residue characteristic q v = p and ord qv N = 1. Then the Euler factor P v (f /K, X) is given explicitly by
for all integers n. Also, since a To establish an analogue for f of the theorem of Hachimori-Matsuno, we shall need the following additional hypothesis.
is a finitely generated Z p -module.
Recall that K cyc = Q(µ p ∞ ) and 
Proof. Put ∆ = Gal(F/K) = Gal(F cyc /K cyc ). If B is any ∆-module, we recall that the Herbrand quotient h ∆ (B) is defined by
, whenever the cohomology groups are both finite. Entirely similar arguments to those given for elliptic curves in [10] show that, under the hypotheses H2, H3 and H4, X(A p ∞ /F cyc ) is indeed a finitely generated Z p -module, and we have
Let Σ denote the set of primes of K cyc lying above the rational primes dividing Nmp. As in [10, §4] , well-known arguments from Galois cohomology show that
where u runs over the places of F cyc above w, and
according as w does not or does lie above p. Moreover, since a prime w of K cyc either splits completely or has a unique prime above it in F cyc , it is clear that the right hand side of (59) simplifies to a product of the h ∆ (H 1 (F cyc u , C w )), where w now runs over the primes in Σ which do not split completely in F cyc . Assume from now on that w is a prime of K cyc which does not split in F cyc . In particular, this means that the residue characteristic q w of w must divide pm. Since F cyc u and K cyc w contain µ p ∞ , their absolute Galois groups have p-cohomological dimension at most 1. As ∆ is cyclic of order p, it then follows easily from the Hochschild-Serre spectral sequence that
Assume there is a unique prime u of F cyc above p, and put
Proof. Since C w is unramified, and F cyc u is a totally ramified extension of Q p , we have
But Frob p acts on C w by multiplication by the p-adic unit root of 1 − a p X + p k−1 X 2 . However, this unit root cannot be equal to 1 as it has complex absolute value p (k−1)/2 . Hence C w (F cyc u ) must be finite, and thus has Herbrand quotient equal to 1. Write q w for the residue characteristic of w.
Lemma 4.4. Assume that w is a prime of K
cyc such that (q w , Np) = 1, and q w divides m. Then there is a unique prime u of F cyc above w, and
The first assertion of the lemma is clear since w must ramify in F cyc because q w divides m. As (q w , Np) = 1, we know that the inertial subgroup I w of the absolute Galois group of Q qw acts trivially on V p . We claim that I w also acts trivially on C w = A p ∞ . Indeed, we have an exact sequence of Galois modules
whence one obtains the long exact sequence
As the inertial action is trivial on T p and V p , and q w = p, we see that
where J w is the Galois group of the unique tamely ramified Z p -extension of K , and thus are distinct from 1. Hence the middle vertical map in the above diagram is an isomorphism. It follows from the snake lemma that C w (K v ) has order equal to the cokernel of the left hand vertical map, which is equal to the exact power of p dividing P v (f /K, 1). But
showing that C w (K v ) = 0 if and only if w ∈ P 2 .
Our next claim is that C w = C w (K cyc ) if and only if C w (K v ) = 0. As Gal(K cyc w /K v ) is pro-p, Nakayama's lemma shows that C w (K v ) = 0 implies that C w (K cyc w ) = 0. Conversely, assume that C w (K v ) = 0. We then assert that the extension K v (C w ) is a pro-p extension of K v . To prove this, let (C w ) p be the kernel of multiplication by p on C w . It is easily seen that the extension K v (C w )/K v ((C w ) p ) is pro-p. On the other hand, choosing an F p -basis of (C w ) p in which the first element belongs to C w (K v ), and noting that the determinant of (C w ) p is trivial because it is equal to ω rv(k−1) , where ω is the cyclotomic character mod p, it follows that the extension K v ((C w ) p )/K v is a p-extension. Thus K v (C w ) is a pro-p extension of K v , and it is unramified as inertia acts trivially on C w . Hence we must have
This completes the proof of the lemma.
Lemma 4.5. Assume that w is a prime of K cyc such that ord qw N = 1 and q w divides m. Then there is a unique prime u of F cyc above w, and
The first assertion is clear, since w must ramify in F cyc , because q v divides m. Again, let v be the restriction of w to K. Since ord qw N = 1, we have
where we recall that b Similarly, writing v ′ for the restriction of u to F , and recalling that F v ′ /K v is totally ramified, it follows that the restriction of η to Gal(F nr v ′ /F cyc u ) is the trivial character if and only if w ∈ P 1 . One concludes easily that, if w ∈ P 1 , then C w (F cyc u ) must be finite, and if w ∈ P 1 , then the divisible subgroup of C w (F cyc u ) has Z p -corank 1. In view of (60), the assertion of the lemma is now clear.
Combining (58), (59), and Lemmas 3.3, 3.4 and 3.5, the proof of Theorem 4.2 is now complete.
The congruence from non-commutative Iwasawa theory
As before, let
where p is an odd prime, and m > 1 is an integer which is not divisible by the p-th power of an integer > 1. Assume throughout this section that Hypotheses H1, H2, and H3 are valid.
Let φ be an Artin representation of Gal(F ∞ /Q). For each integer n = 1, . . . , k − 1, we recall that L * p (f, φ, n) is defined by (41). By Theorem 2.8, we know that L * p (f, φ, n) is an algebraic number. Very roughly speaking, the non-commutative p-adic L-function seeks to interpolate the numbers L * p (f, φ, n), as φ, and n both vary. While there has been important recent progress on the study of these non-commutative p-adic L-functions for the Tate motive over totally real number fields (see [12] , [21] ), very little is still known about their existence for other motives, including the motive attached to our modular form f . In the present paper, we shall only discuss what is perhaps the simplest congruence between abelian p-adic L-functions, which would follow from the existence of a non-commutative p-adic L-function for the motive of f over the field F ∞ . A specialization of this congruence for elliptic curves has been studied in the earlier paper [5] .
To state this congruence, we must first make a canonical modification of the values L * p (f, φ, n), given by (41) following [2] , [8] . Recall that since (p, a p N) = 1, the Euler factor
can be written as
where α is a unit in Z p , and ord p (β) = k − 1. We shall also need the Euler factors of the complex L-series L(φ, s) of the Artin representation φ, which are defined by
Iq where l is any prime distinct from q. As before, let d(φ) be the dimension of φ. Moreover, writing N (φ) for the conductor of φ, define (66) e p (φ) = ord p (N (φ)).
Recall that P q (f, φ, X) defined by (17) is the Euler factor at the prime q of the complex L-function L(f, φ, s). Recall also that, for n = 1, .
and (69)
where q runs over the prime factors of m distinct from p. It is these modified L-values, defined using the naive periods Ω + (f ) and Ω − (f ), which we shall actually compute in a number of numerical examples.
Secondly, in order to obtain p-adic L-functions which will in the end satisfy the main conjectures of Iwasawa theory, we may also have to adjust the naive periods Ω + (f ) and Ω − (f ) by certain non-zero rational numbers. Writing Ω can + (f ) and Ω can − (f ) for these canonical periods, we will have
It is these modified values L can p (f, φ, n) which should satisfy the non-abelian congruences for the p-adic L-functions arising in the main conjectures. However, in our present state of knowledge, we do not know in general how to determine c + (f ) and c − (f ) precisely. Nevertheless, as we shall now explain, the work of Manin on the p-adic L-function of f for the extension K ∞ /Q provides some partial information on this question.
Theorem 5.1. Let σ be the sum of the irreducible characters of
Proof. Let χ p be the character giving the action of Gal(Q/Q) on µ p ∞ . Fix a topological generator γ of Gal(K cyc /K 1 ) and put u = χ p (γ). The work of Manin then shows [16] that there exists a power series
, for all integers r with −k/2 + 1 ≤ r ≤ k/2 − 1, and where
Here it is understood that the canonical periods are those for which we expect g(T ) to be a characteristic power series for the dual Selmer group of f over K ∞ . Assuming that L(f, σ, k/2) = 0, it follows that g(0) = 0, and so g(u n − 1) ∈ pZ p for all integers n. The assertion of the theorem then follows on noting that
lies in Z p for all n ∈ Z. This completes the proof.
Example 5.2. Take f to be the unique primitive eigenform of level 7 and weight 4, and p = 3. Then L(f, σ, 2) = 0. Moreover, we see from Table II in §6 that L 3 (f, σ, 1) ∈ 3Z 3 . In view of Theorem 5.1, this strongly suggests that in this case, we must have ord 3 (c + (f )) = ord 3 (c − (f )) = 0.
Example 5.3. Take f to be the complex multiplication form of level 121 and weight 4, which is attached to the cube of the Grössencharacter of the elliptic curve over E over Q given by the equation (79), of conductor 121 and with complex multiplication by the full ring of integers of the field L = Q( √ −11), and again take p = 3. Then L(f, σ, 2) = 0. However, we see from Table III in  §6 that L 3 (f, σ, 1) is a 3-adic unit when m = 3, 7 or 11 . Hence the naive periods Ω + (f ) and Ω − (f ) cannot be the good periods, and at least one of ord 3 (c + (f )) or ord 3 (c − (f )) must be strictly less than zero. In fact, in this case we do know the canonical periods for f , since, for all good ordinary primes p for f , we know the periods for which the relevant cyclotomic main conjecture for f over K cyc is valid. This is because this cyclotomic main conjecture can easily be deduced from the main conjecture for E over the field obtained by adjoining to L the coordinates of all p-power division points on E; and this latter main conjecture is proven for all good ordinary primes p for E by the work of Yager and Rubin. Invoking the Chowla-Selberg formula, we see easily that the explicit values of these canonical periods can be taken as follows. Let Θ = Γ(1/11)Γ(3/11)Γ(4/11)Γ(5/11)Γ(9/11).
Direct computations show that
precisely as required.
As in the Introduction, let σ be the Artin representation of dimension (p − 1) given by the direct sum of the one dimensional characters of Gal(K/Q). Define ρ to be the representation of Gal(F/Q) induced from any non-trivial degree one character of Gal(F/K). Thus ρ also has dimension (p − 1), and is easily seen to be irreducible (cf. [5] ). Moreover, both σ and ρ are self-dual, can be realized over Z, and their reductions modulo p are iso-
] be the ring of formal power series in an indeterminate T with coefficients in Z p . As explained in the Introduction, the work of Manin [16] establishes the existence of a power series H(σ, T ) in R satisfying the interpolation property (2) It is conjectured that there exists a power series H(ρ, T ) in R satisfying the interpolation condition (3). We are grateful to M. Kakde for pointing out to us that the congruence (76) is simply a special case of the congruences predicted by Kato in [13] , and we now briefly explain why this is the case. Assume for simplicity that Hypothesis H4 is also valid. Recall that G denotes the Galois group of F ∞ over Q, and write Λ(G) for the Iwasawa algebra of G, S for the canonical Ore set in Λ(G), which is defined in [2] , and Λ(G) S for its localization at S. In addition, define G 0 = Gal(K ∞ /Q), and for each integer n ≥ 1, let G n be the unique closed subgroup of index p n−1 in Gal(Q cyc /Q). Write S n for the canonical Ore set of [2] in the Iwasawa algebra Λ(G n ). In [13] , Kato defines a canonical map
and characterizes its image by a remarkable set of congruences which we do not state in detail here. In particular, writing θ G,S (α) = (α n ) for any element α of K 1 (Λ(G) S ), we always have
where N denotes the norm map from
. Now take α to be the conjectural p-adic L-function for f over F ∞ , which we denote by ζ(f /F ∞ ). Let us also identify Λ(G 1 ) with the formal power series ring
] by mapping the fixed topological generator γ of G 1 to 1 + T . Then it follows essentially from the construction of the map θ G,S and the interpolation properties of these p-adic L-functions that we will have
. Thus the congruence (76) is indeed just a special case of the congruence (77) of Kato, as claimed.
As was pointed out in the Introduction, if we evaluate both sides of the congruence (76) at the appropriate points in pZ p , we deduce the following congruence of normalized L-values from (2) 
We end this section by explaining how this latter congruence is intimately connected with Theorem 4.2. Let P 1 and P 2 be the set of places of K ∞ = Q(µ p ∞ ) defined by (56) and (54) respectively. Lemma 5.6. Let q be any rational prime with q dividing m and (q, Np) = 1. Then all primes of K cyc above q belong to P 2 if and only if ord p (P q (f, σ, q −n )) > 0 for some integer n.
Proof. Let q have exact order r q modulo p, and let v be a prime of K above q. Then one sees immediately that
, where b v is defined by (52). Since q rq ≡ 1 mod p, the assertion of the lemma is now plain from the definition of P 2 .
Lemma 5.7. Let q be any rational prime not equal to p such that q divides m and ord q (N) = 1 .Then all primes of K cyc above q belong to P 1 if and only if ord p (P q (f, σ, q −n )) > 0 for some integer n.
Proof. Let q have exact order r q and let v be a prime of K above q. Since σ is unramified at q, one sees easily that
, where b v is defined by (55), and hence the assertion of the lemma is clear.
By the work of Manin, we always have
Hence we conclude from Lemmas 5.6 and 5.7 that L can p (f, σ, n) ∈ pZ p if either P 1 or P 2 is non-empty. On the other hand, assuming Hypotheses H1-H4, Theorem 4.2 shows that
is infinite if and only if its characteristic element as a Λ(Gal(F cyc /F ))-module is not a unit in the Iwasawa algebra. But the main conjecture for X(A p ∞ ) predicts that the L can p (f, ρ, n) are all values of the characteristic power series of X(A p ∞ /F cyc ). Thus it would follow that L can p (f, ρ, n) ∈ pZ p if either P 1 or P 2 is non-empty, in accord with the Congruence Conjecture 5.5.
Numerical data
We refer the reader to Section 6 of [5] for a detailed discussion of how the computations are carried out in the case of a primitive form of weight 2. Entirely similar arguments (see [4] ) apply to the calculation of the numerical values L p (f, φ, n), for n = 1, . . . , k − 1, for our given primitive modular form f = ∞ n=1 a n q n of conductor N. We do not enter into the details here, apart from listing the explicit Euler factors which occur for the primes dividing pm. As before, let
where m is a p-power free integer > 1. As earlier, we write φ for either the direct sum σ of the one dimensional characters of Gal(K/Q) or the unique irreducible representation ρ of dimension p − 1 of Gal(F/Q), and note that both of these Artin representations are self-dual. We suppose that p is an odd prime number satisfying (p, a p ) = (p, N) = 1. In addition, we assume that Hypothesis H2 holds. As earlier, let P p (φ, X) denote the polynomial in X giving the inverse Euler factor at p of the complex L-series L(φ, s) of the Artin representation φ, and P q (f, φ, X) the polynomial giving the inverse Euler factor at a prime q of the complex L-series L(f, φ, s).
Lemma 6.1. We have that P p (σ, X) = 1 − X, and P p (f, σ, X) = P p (f, X). If m ≡ ±1 mod p 2 , then P p (ρ, X) = 1 − X, and P p (f, ρ, X) = P p (f, X). Otherwise, both P p (ρ, X) and P p (f, ρ, X) are equal to 1. Lemma 6.2. Let q be any prime factor of m distinct from p, and write r q for the order of q modulo p. Then we have:-
, where P v (f /K, X) is the Euler factor of f over K at any prime v of K above q if (q, N) = 1.
We remark that the computations require knowledge of the Fourier coefficients a n of f for n ranging from 1 up to approximately the square root of the conductor of the complex L-function L(f, φ, s). Since these conductors are very large even for small N, this explains why we need to know explicitly the a n for 1 ≤ n ≤ 10 8 , and why we are essentially restricted to the case of the prime p = 3. For our primitive cusp form f of small conductor, we computed these Fourier coefficients a n using [SAGE] as follows. We use linear algebra to express f explicitly as a polynomial in terms of Eisenstein series (we only used small conductor forms f where this was possible), then we evaluate this expression using arithmetic with polynomials of large degree over the integers. This high precision evaluation took about 1 day of CPU time in some cases, and relies on the fast FFT-based polynomial arithmetic from http://flintlib.org, and optimized code for computing coefficients of Eisenstein series due to Craig Citro, along with other optimizations specific to this problem. For evaluation of the CM form of level 121 and weight 4, we computed the Fourier coefficients d p for the corresponding elliptic curve of weight 2 (using [19] ), then obtained the coefficients a p of the weight 4 form as the sum of the cubes of the roots of X 2 − d p X + p, and finally extended these multiplicatively to obtain all of the coefficients a n .
] denote the weight k Eisenstein series of level 1, normalized so that the coefficient of q is 1. For integers t ≥ 1, define E *
, which is a holomorphic modular form of level t and weight 2. We consider 4 explicit primitive forms; 3 have expressions in terms of Eisenstein series, and the fourth in terms of an elliptic curve with complex multiplication. The first 3 are the unique primitive forms on Γ 0 (p) with given weight. The fourth form f is the complex multiplication form of conductor 121 which is attached to the cube of the Grossencharacter of the elliptic curve
This curve has complex multiplication by the full ring of integers of Q( √ −11), and has conductor 121 when viewed as a curve over Q. The following table gives the first few terms of the q-expansion of these four forms, and note that, in each case, 3 is an ordinary prime because the coefficient of q 3 is not divisible by 3.
Conductor Weight Primitive form
The first two tables below provide numerical evidence in support of the congruences (5), and the third and fourth table below provides evidence in support of the stronger congruence (7) . The notation used in these four tables is as follows. We have taken p = 3, and assume that φ denotes either σ or ρ, so that d(φ) = 2. For each integer
and define
We also write N(f, φ) for the conductor of the complex L-function L(f, φ, s). it is easily seen that ǫ 3 (σ) is equal to the positive square root of 3. Moreover, ǫ 3 (ρ) = 3 5 when ord 3 (m) ≥ 1. When (3, m) = 1, we have that ǫ 3 (ρ) is equal to 3 when m ≡ ±1 mod 3 2 , and is equal to 3 3 otherwise. If r is any integer ≥ 1, and w is an integer, the symbol w + O(3 r ) will denote a 3-adic integer which is congruent to w modulo 3 r .
The reader should also bear in mind the following comments about the signs of the values L * 3 (f, φ, n) given in our tables below. Since φ can be realized over Q, it follows from the convergence of the Euler product that L(f, φ, n) is strictly positive for n = k/2 + 1, . . . , k − 1; in addition, the generalized Riemann hypothesis would also imply that the value at n = k/2 should either be zero or strictly positive (and this is the case in all of our numerical examples) Thus, by Theorem (2.8), L * 3 (f, φ, n) is a rational number,which will have the sign (−1) n w(f, φ) for n = 1, . . . , k/2 − 1 by the functional equation (21); and the sign of L * 3 (f, φ, k/2) should be (−1) k/2 if it is non-zero.
Finally, we recall (see Example 5.3 in section 5) that, for the form f of conductor 121 and weight 4, the periods in Table IV are the naive periods, and that they must be replaced by the canonical periods defined in Example 5.3 to deduce the stronger congruence (7) in this case. m L * 3 (f, ρ, n) P 3 (f, ρ, n) m L * 3 (f, ρ, n) P 3 (f, ρ, n) Table III : form f of conductor 5 and weight 6. m L * 3 (f, ρ, n) P 3 (f, ρ, n) Table III : form f of conductor 5 and weight 6. m L * 3 (f, ρ, n) P 3 (f, ρ, n) Table III : form f of conductor 5 and weight 6. m L * 3 (f, ρ, n) P 3 (f, ρ, n)
In the remaining four tables, we give some intriguing integrality and squareness assertions for the L-values computed in the previous four tables. Although we do not enter into any detailed discussion in the present paper, it seems highly likely that these phenomena can be explained via the Bloch-Kato conjecture, and Flach's motivic generalization of the Cassels-Tate pairing. We define M to be the product of the distinct primes dividing m, but excluding the prime 3. Let N denote the conductor of our primitive form f . For n = 1, . . . , k − 1, we define (81)
A n (f ) = |L * 3 (f, ρ, n)|M n ǫ 3 (ρ) (n−1) /4
In Table V , for the form f of conductor 5 and weight 4, define
B 2 (f ) = A 2 (f )/(5 2 × 13). 
